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BINOMIAL THEOREM

Binomial Theorem (For a positive Integral Index) :

If n is a positive integer and X, a are two real or
complex quantities, then

(x+a)"="Cox"+"C;x" 'a+"C,x" *a’+
o FICX T A L+ "Cyox @™ +"Cha (1)
The coefficient "C,, "Cy, ...... , "C, are called binomial
coefficients.
Properties of Binomial Expansion :

® There are (n + 1) terms in the expansion of
(x +a)", n being a positive integer.

® In any term of expansion (1), the sum of the
exponents of x and a is always constant = n.

® The binomial coefficients of term equidistant
from the beginning and the end are equal, i.e.
"C,="C,_.(0<r<n).

e The general term of the expansion is (r + 1)" term
usually denoted by T, ; ="C,x" "a" (0 <r<n).

e The middle term in the expansion of (x + a)"

(a) If n is even then there is just one middle term, i.e.

th
n
—+1 term.
( 2 j

(b) if n is odd, then there are two middle terms, i.e.

th th
n n+3
—+1]| termand | —— | term.
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e The greatest term in the expansion of (x + a),
X, a € R and x, a > 0 can be obtained as below :
T, _n-r+la
T

T

r X

T 1= (n+Da—-r(a+x)

. rx
_ (a+x) {(n+l)a —r} _a+x ki,
X a+x rx
where k= (n+Da
a+x
Now, suppose that
. (n+Da . .
(i) k= ——— is an integer. We have

a+Xx

T, .
T 1> T, < T—“ >ler<k(ie 1 <r<k)

T

T,
Along , T, =T, L =1 or=k,
Tr
i.e. Tk+1 = Tk > Tk—l > > T3 > T2 > Tl
In this case there are two greatest terms Ty and
Tyt

(i) k= (n+ha is not an integer. Let [k] be the
a+Xx

greatest integer in k. We have

T .
T > T, & ,;_H < r < k = [k] + (fraction)
T
< r<[k]
ie. T1 <T2<T3< ..... <T[k]—l<T[k]<T[k]+l
In this case there is exactly one greatest term viz.
(k] + 1™ term.

e Term independent of x in the expansion of
(x +a)" — Let T, . | be the term independent of x.
Equate to zero the index of x and you will find the
value of .

e The number of term in the expansion of

(n+1)(n+2)
2

x+y+tz)is , where n is a positive

integer.
Pascal Triangle

In(x + a)" when expanded the various coefficients
which occur are "Cy, "C;, "C,, .... The Pascal triangle
gives the values of these coefficients for n =0, 1, 2,

3,4,5, ...

n=0 1

n=1 11

n=2 121

n=3 1331

n=4 14641

n=>5 15101051
n=6 1615201561
n=7 172135352171
n=38 1 828 56 70 56 28 8 1
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Rule : It is to be noted that the first and least terms in
each row is 1. The terms equidistant from the
beginning and end are equal. Any number in any row
is obtained by adding the two numbers in the
preceding row which are just at the left and just at the
right of the given number, e.g. the number 21 in the
row for n = 7 is the sum of 6 (left) and 15 (right)
which occur in the preceding row for n = 6.

Important Cases of Binomial Expansion :
e Ifweputx=1in(l), we get
(1+a)"="Cy+"Cia+"Coa’+ evveeerrrnnn..

e Ifwe put x =1 and replace a by — a, we get
(1-2a)"="Co—"Cia+"Cra’ — eoerreererrnrr...
+ED)"Ca L+ (=D Cha" .(3)
® Adding and subtracting (2) and (3), and then

dividing by 2, we get
S+ (1 —af) =Co + "t
+'Cat+ . @)

% (1 +a) —(1-a)} ="Cpa+"C’

+ nCSaS

Properties of Binomial Coefficients :
If we puta=11in (2) and (3), we get
2"="Cy+"Cy+ ...... +°C,+..+"C,+....°C,, +'C,

and 0="Cy—"C; +"Cy— oece. + ecc. + (-1)"C,
1
©"Cot+"Cyt .. ="C+"Cit ... = 5[2‘&0]
=21 ..(6)

Due to convenience usually written as
Co+Cr+Cy+..=C+C3+Cs+...=2""!
and Co+C; +C, +Cs + ... +C,=2"

n!

Where "C,=C,= ————
r!(n—r)!

_nm-H(n-2)..(n-r+1)
r!

Some other properties to remember :
® C;+2C,+3C;+...+nC,=n.2""
o C-2C,+3C;—....=0
o Cy+2C, +3C,+..+(n+1HC=m+2)2""
(2n)!
(n-1)l.(n+r)!

2> _ (2n)!
(n!)?

b C()Cr+ CICrH +..t+ Cn—rCn =

o Cl+C2+Cl+....+C,
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Co—CP2+Cr—C% + ...

_ 0, if nis odd
(D™ C,,,, ifniseven

Binomial Theorem for Any Index :

1+ x™" =1-

(1-x)"=1+nx

The binomial theorem for any index states that

(1+x"=1+ 2, 0D
I 2!

2
X

N n(n—1)(n-2) S
3!
Where n is any index (positive or negative)

The general term in expansion (7) is

T. = n(n—1)... .n—r+1) o

In this expansion there are infinitely many terms.

This expansion is valid for |x| < 1 and first term
unity.

When x is small compared with 1, we see that the
terms finally get smaller and smaller. If x is very
small compared with 1, we take 1 as a first
approximation to the value of (1 +x)" or 1 + nx as
a second approximation.

Replacing n by — n in the above expansion, we get

x4 H(ZTI) 2 n(n+13)'(n+2) 3

fot oy n(n+1)(n+2)...,.n+r—-1) o
r!
Replacing x by — x in this expansion, we get

4 n(n+1) e n(n+13)'(n+2) i

. n(n+1)(n+2)....n+r-1) i
r!

Important expansions for n =-1, -2 are :

A+x)"'=1-x+x*-x+. .+ ()X +..tow

A-x)"=1+x+x+xX+ ... +x + ... toow

(A+x)7=1-2x+3"— ...+ (D +Dx" +
....to oo
(1-x)2=142x+3+ ...+ @+ Dx'+..toow

(1+x)7°=1-3x+6x"—10x>+ ...

C(r+D)(r+2) e
2!

(1-x)7=1+3x+6x+10x> + ...
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