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COMPLEX NUMBERS

v—1 is denoted by ‘i’ and is pronounced as ‘iota’.
i=v-1 =>i?=-1,=4,i*=1.

If a, b € Rand i = +/—1 then a + ib is called a
complex number. The complex number a + ib is also
denoted by the ordered pair (a, b)

If z=a+ ib is a complex number, then :
(i) a is called the real part of z and we write

Re (z) =a.
(i1) b is called the imaginary part of z and we write
Im(z)=b

Two complex numbers z; and z, are said to be equal
complex numbers if Re (z;) = Re (z,) and Im (z)) =
Im (Zz).

If z=x + iy is a non zero complex number, then 1/z
is called the multiplicative inverse of z.

If x + iy is a complex number, then the complex
number x — 1y is called the conjugate of the complex

number x + iy and we write X +1y =x —1y.

Algebra of Complex Numbers
(i) Addition : (a+ib) + (c+id)=(a+c)+i(b+d)
(ii) Subtraction :
(a+ib)—(c+id)=(a—c)+i(b—d)
(ii1) Multiplication :
(a+ib) + (¢ +id) = (ac — bd) + i(ab + bc)
(iv) Division by a non-zero complex number :

+1 + . bc—ad .
a ?b:ac bd be az,(c+1d)¢0
c+id  ¢?+d?  cr+d
Properties : If z;, z, are complex numbers, then

@ (z) =2z

(il)z+ z =2 Re(2)

(i) z—z =2iIm (2)

(iv) z= z iff z is purely real

(v) z=7 iff z is purely imaginary

(Vl) Z1 +22 :El "rEz

(Vll) Z1 —Zy =21 —22

(Vlll) Zy1.Zy 221 .22

(ix) (ﬂ] =21 provided 7, # 0
%) %)

If x + iy is a complex number, then the non-negative

ral number ﬂxz +y2 is called the modulus of the

complex number x + iy and write

| x +iy|= 1[><2+y2

Properties : If z;, z, are complex numbers, then
i)z |=0iffz,=0

(i) [z|=[z|=]-2z|

(i) —|z; | £Re(z)) L] 7y |

(iv)—|z | £Im(z) £ z1 |

Wz Z1 =]zl

Vi) |z + 2| <]z | +] 2|

Vi) [z —z [ 2] 21 |~ | 22]

(viii) | zy zp |=]|2z1]| | 22]

. z z .

(ix) L =u,pr0v1ded 7, #0
zy| |z

@z +znl=|z+|zl+2Re(z17Z,)

i)z -z =z +|zf-2Re(z17Z,)

&)zt +lz—nl=2[zl+z[]

De Moivre’s Theorem

(1) If n is any integer (positive or negative), then
(cos 0 +1i sin 0)" = cos nO + i sin nd

(i1) If n is a rational number, then the value or one of
the values of (cos 0 + i sin 6)" is cos n6 + i sin n6
Euler’s Formula

0

e®=cosO+isin0ande™®=cosO—isin0

Square root of complex number
Square root of z = a + ib are given by

[
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Ifo , then the cube roots of unity are 1, ®

C—1+iW3
2
and ®’. We have:

Hl+o+e’=0 (iHo’'=1

Let z =x + iy be any complex number.
Let z=r (cos 0 + i sin ) where r > 0.
S.x=rcosBandy=rsin 6

X -i-y2 =r

= r=qx’+y? (o r>0)

X y
IX2 4 y2 IXZ i y2
The value of 0 is found by solving these equations. 6
is called the argument (or amplitude) of z.

;. cosO= and sin 0 =

If — p <6 < m, then 0 is called the principal argument
of z.

Identification of 6 —
X y arg(z) Interval of O
b1
+ + 0<0<—
0 ( 2)
-n
+ _ — —<0<0
! ( 2 j
T
_ + (m—0) [—<e<n)
2
-
_ _ (1 — -T<0<—
w0 | )

If z; and z, are two complex numbers then

(1) | z1 — z2 | is the distance between the points with

affixes z; and z,.

(i) 2227021 4o the affix of the point dividing the
m+n

line joining the points with affixes z, and z, in the

ratio m : n internally.

L is the affix of the point dividing the

... MzZy—nz

(iii) 2z
m —

line joining the points with affixes z, and z, in the

ratio m : n externally where m # n.

(iv) If z,, z,, z3 are the affixes of the vertices of a

. . . Z1tZy+2Z
triangle then the affix of its centroid is ———2——3-

(v) z = tz; + (1 — t)z, is the equation of the line
joining points with affixes z; and z,. Here ‘t” is a
parameter.

N Z—Z zZ-7 . . .
(vi) L -2 "1 js the equation of the line
Zy —Zy Zy — 71

joining points with affixes z; and z,.

Three points with affixes z,, z,, z; are collinear if

Z] E] 1
Zy 22 1] =0.
Z3 23 1

The general equation of a straight line is
az+az+b =0, where b is any real number.

(1) | z— z; | <r represents the circle with centre z,
and radius r.

(il) | z — z; | < r represents the interior of the circle
with centre z; and radius r.

Z—17Z

= k represents a circle line which is the
Z—17Z

perpendicular bisector of the line segment joining
points with affixes z; and z,.

(z—2z1) (z—23)+(z-7) + (z — 2) = O represents
the circle with line joining points with affixes z; and
7, as a diameter.

|z—z | +|z—2 | =2k, k € R" represents the ellipse
with foci at points with affixes z; and z,.

If z;, 25, z; be the affixes of the points A, B, C
respectively, then the angle between AB and AC is

given by arg (23 = ]
2277

If zy, 2y, z3, z4 are the affixes of the points A, B, C, D
respectively, then the angle between AB and CD is

given by arg (22 —2 J
Zy —Zjy

nth roots of a complex number

Let z=r1 (cos O + i sin 0), r > 0 be any complex
number. nth root 0 z = z""

1,n[ 2kn+0 . . 2kn+6]
=r""| cos +isin ,
n n

where k=0,1,2, ......... ,n—1.

There are n distinct values and sum of all these
values is 0.

Logarithm of a complex number
Let z = re” be any complex number.
Then log z = log re'® = log r + log ¢
=logr+ibloge=1logr+ib.
logz=1log|z|+1iamp (2).





